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SUMMARY 

The unsteady, compressible, Reynolds-averaged Navier-Stokes equations are solved numerically for an  
obliqwe shock-wave-induced turbulent boundary layer separation. For the freestream Mach number 6 and 
the freestream Reynolds number 66.1 x lo6 m-', a time-dependent computation is performed, using 
MacCormack's explicit-implicit finite difference method with 82 x 42 grid points. A two-layer eddy viscosity 
turbulence model is employed in conjunction with a relaxation modification. Comparisons of the mean wall 
pressure and the mean heat transfer coefficient with the available experimental results are made and the 
evaluation of unsteady data for surface pressure and heat flux fluctuations is presented. It is found that the 
fluctuations in heat flux have qualitatively the same features as those of wall pressure but are different 
quantitatively. 
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INTRODUCTION 

With rapid advancements in computer technology and efficient numerical algorithms, computer- 
aided design of high-speed vehicles has started playing a decisive role in recent years. The fluid 
dynamics problcm associated with high-speed vehicles requires in-depth aerodynamic investiga- 
tions. Thus, a strong link between computational fluid dynamics scientists and the practical 
designer has to be well established. 

Large shear stress gradients normal to the surface are set up in the inner region due to 
shock-turbulent-boundary-layer interaction. They drag low-energy air downstream into the 
region of high pressure. At a sufficiently large pressure rise in the shock wave interaction region, 
the boundary layer is separated, forming a bubble of reversed flow adjacent to the wall. This 
low-energy constituent of the boundary layer continues to be trapped in the separation bubble. 
Therefore, the information regarding the movement of separation and reattachment points and 
the turbulent convection of recirculating flow is of major concern to the aerodynamic engineer. 
The unsteady feature of a turbulent separating flow shows an intermittent character of separ- 
ation. Thus, the aerodynamic 'noise' level and the corresponding frequencies for unsteady 
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pressure oscillations near the interaction region are also required in order to maintain the 
structural integrity of the system. 

Kistler’ has shown that the surface pressure signal near separation in forward spacing at 
freestream Mach numbers of 3.01 and 4.54 can be modelled as a step function, with the shock 
wave moving over the same range. Measurements of wall pressure fluctuations by Kistler near 
separation revealed the intermittent nature of the wall pressure signal, which was attributed to the 
unsteady separation shock wave. Dolling and Murphy2 have observed an inherent character of 
oscillation of the separation shock wave in the interaction region of a compression corner at 
a freestream Mach number of 4. There are other observations about the unsteadiness in a variety 
of high-speed flows, such as sharp fins at the angle of attack3 and in shock-impinging  region^.^ 
Coe et aL5 have studied a large amount of experimental data to determine the characteristics of 
surface pressure fluctuations underlining supersonic attached and separated turbulent boundary 
layers, and regions of shock waves over a Mach number range of 16-3-5. Various experimental 
wall pressure fluctuation results were studied and summarized in a recent article of Dolling and 
Dussauge.6 However, these experimental efforts were limited mainly to pressure fluctuations. 

Hayashi et uE.’ have recently measured the fluctuating heat flux in the interaction region of 
oblique incident shock wave and turbulent boundary layer interaction. They measured strong 
pressure and heat flux fluctuations near the separation and reattachment points. 

The main purpose of the present numerical analysis is to compute the mean and the fluctuating 
flow along the flat plate, the range of sound pressure levels (dB), and the fluctuations of heat flux 
and the corresponding frequencies. 

GOVERNING EQUATIONS 

A planar oblique shock strikes on a flat plate at a freestream supersonic Mach number. It is 
assumed to be a two-dimensional shock-turbulent boundary layer interaction problem. The 
Reynolds-averaged Navier-Stokes equations for an unsteady two-dimensional compressible flow 
without body forces or external heat addition can be written in conservation vector form for 
a Cartesian co-ordinate system as 

dU dE aF -+ -- + -= 0. 
at 2x ay 

The solution vector U and flux vectors E and F are given by 

E =  (3) 
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Here the viscous stress relations are 

and the heat flux components are 

aT 
q y = k - - .  

aY 
The perfect gas law is 

where p, p, e and el denote the density, pressure, total energy and internal energy of the fluid, 
respectively, u and v are velocity components in the x- and y-direction, respectively, z,,, zyy and 
zxy are the stress components, and qx and qy  are the heat fluxes. The viscosity, p, is the sum of 
molecular and turbulent viscosities. The molecular viscosity is evaluated using Sutherland’s 
formula. 

ALGEBRAIC TURBULENCE MODEL 

A two-layer equilibrium eddy viscosity model of Cebeci-Smith8 is considered in the numerical 
simulation. In the inner region, the eddy viscosity is given by 

where K is the von Karman constant (0.4) and D is the van Driest damping factor: 

,D=l-exp  - [ 
The outer region is written as 

0.0168 u.6* 
(14) 

where 6 is the boundary layer thickness. 6* is the kinematic displacement thickness, and is written 
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The subscripts e, co, and w refer to the edge condition, freestream and wall values, respectively. 
In modelling the strong disturbances, a relaxation modification is applied to the eddy viscosity 

obtained from the above equation as 

where is the eddy viscosity at the origin of the disturbance. cteq is obtained from equations (12) 
and (14). Ax is the difference between the position of the disturbance and the position of the point 
of calculation. The above relation is adopted following Hankey and Shang.' An earlier measure- 
ment shows that the Reynolds stress attains exponentially a new equilibrium state." 

The eddy viscosity is given by 

E=min {e l ,  E,,}. (17) 

INITIAL AND BOUNDARY CONDITIONS 

The initial flowfield and boundary conditions are shown schematically in Figure 1. The initial 
condition for the interior of the flowfield is a uniform flow. The flow variables at the top mesh 
boundary are set to either freestream values or values for a given shock strength so that the shock 
would impinge on the plate surface at the lower boundary at a given point. The post-shock 
conditions are calculated using the following relationships: l 1  

I SHOCK TO 
FORM HERE 
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where y is the ratio of the specific heats, subscripts p and rn represent the post-shock condition 
and the freestream condition, respectively, and 8 is the oblique shock angle. At the solid wall 
boundary, no-slip conditions are implemented and the wall is assumed to be isothermal. For 
example, for no-slip and isothermal wall conditions, the expressions are 

%, 1 = - %, 27 

ui, 1 = - ’Ji, 2 ,  

Ti, t=2Tw-Ti,2, 

where T, is the wall temperature. A symmetric condition is used ahead of the 
plate as 

pY=uy=u= Ty=O. 

The pressure is calculated at the centre of each cell. The present method 
zeroth-order extrapolation procedure as 

Pi, 1 = P i ,  2 -  

(194 

uses a simple 

The pressure at the wall is taken to be equal to the pressure at the centre of the adjacent boundary 
cell, as given in equation (19e). Extensive numerical studies indicate that if the cell adjacent to the 
surface are small enough and the artificial dissipation terms are correctly treated, then the use of 
this weak condition for the pressure does not have a significant influence on the accuracy of the 
solution. 

At the downstream boundary, the following extrapolation is used for the conservative vari- 
ables: 

where the subscript I represents the x-axis of the last node on the boundary. The flow leaving is 
either parabolic (near the plate) or hyperbolic (away from the plate) in the streamwise direction so 
that errors made here should not propagate in the upstream direction. 

U I , ~ = ~ U I - ~ , ~ - - U I - Z , ~ + U I - ~ , ~ ~  U9f) 

SOLUTION METHODOLOGY 

The governing equations are solved by the explicit-implicit scheme developed by 
MacCormack.” The method consists of a predictor step and a corrector step, which can be 
written as follows. Predictor step: 

explicit 

implicit 
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Corrector step: 

explicit 

implicit 

update 

Each step contains two stages. The first stage uses the explicit method, which is subject to 
restrictive explicit stability conditions. The second stage removes these stability conditions from 
the first stage into an implicit form. It is seen from the equations that the method requires the 
solution of the upper or lower bidiagonal matrix. Where I is a unit matrix, aU, 6U* and 6U** 
change in c' with time step, A =dE/(?U and B = dF/2U are the Jacobians of E and F. The matrices 
IAl and IBI are the matrices with positive eigenvalues and are related to the Jacobians A and B. 
The overbars in the corrector sweeps indicate that the quantities are determined with update 
predictor values, the subscripts represent mesh point locations, and the superscripts represent the 
time, t - nAt, At being the time step and n the time level. The scheme is of second-order accuracy 
in both time and space and captures the shock wave itself as the flowfield progresses from the 
initial condition to an asymptotic steady state. 

ARTIFICIAL DISSIPATION 

Shock embedded in the flowfield being solved computationally can often cause numerical 
oscillations and may lead to computer program failure due to physically unrealistic values of 
computing pressure. These oscillations may be caused by numerical truncation errors. The 
numerical oscillations can be reduced by refining the grids in the areas of shock locations. But the 
refinement of grids may be impractical where oscillations are of transient nature, caused by 
computationally startup or restart procedures. The grid refinement for each individual case is 
undesirable when the shock locations vary. A fourth-order pressure gradient damping concept is 
applied to increase the stability of the numerical algorithm. The fourth-order pressure damping 
terms are significant only in the area of high gradient, such as near shocks. The damping terms 
are introduced as a function of CFL number, so that its magnitude decreases as the time step 
is reduced. It is worth mentioning here that the CFL number is gradually reduced as the 
convergence is approached to avoid a possible steady-state solution dependence on the time 
increment, At.13 

NUMERICAL RESULTS 

The experiments selected for the present study were conducted by Johnson and K a ~ f m a n . ' ~  
A summary of the test conditions is given below: 

8, = lo.oo, 
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M ,  = 6.0, 

Re,=66.1 x lo6 m-', 

T,,,/TH = 0.56, 

x, = 0.3 129 m, 

where 8, is the wedge angle of the shock generator, TH is stagnation temperature and x, is the 
shock-impinging distance measured from the leading edge. The computer used for the analysis 
was CDC CYBER 180/830 with 131k words memory available to the users. For turbulent flow, 
the high velocity gradients near the wall dictate an extremely fine mesh spacing in order to 
achieve adequate numerical resolution. The normal grid-point spacing is stretched exponentially 
to ensure adequate resolution of the flowfield, whereas a coarse constant grid size is used in the 
outer region. A grid independence check for the solution is performed using three different types 
of grid arrangement, such as 64x40, 72x32 and 82x42. Nearly identical solutions were 
obtained in all the cases. The data processing rate (CPU time per grid point, per time iteration) of 
1.922 x 

A density contours plot is presented for shock-turbulent-boundary-layer interaction in 
Figure 2. A comparison is made between density contours and the Schlieren picture of Reference 
14. The density contours pictures reproduce all the essential features of supersonic interacting 
flowfield as shown in the figure. From the contours plot, one can see the leading edge shock 
generated from the tip of the plate. The incident and reflected shock is also visible. 

s was obtained for 82 x 42 grids. 

SPECTRAL ANALYSIS 

Before we proceed with a detailed analysis of computer results, an initial comparison with 
available experimental data is made. The experimental results of Johnson and KaufmanI4 
essentially provide the mean surface pressure and the mean heat transfer coefficient because they 
are obtained for specific experimental situations and locations. The measurements of surface 

OENSITY CUNTCURS 

Figure 2. Density contours plot and Schlieren flow photograph 
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pressure and heat transfer coefficient distributions along the flat plate were computed using the 
following relations: 

e w  = 1 0 O d g  

- Numerical results 
0 Johnson &Kaufman 

Re- = 66.1X 706/rn 

- 

A h A V V , I I 

f+TM 1 +TM 

D i ( t )  dt - { 1 &(t) dtj2], m = 1,2, 

where TM is the total period and is considered after 10 000 computation time steps. The subscript 
rn = 1 is for surface pressure and m = 2 is for the heat transfer coefficient. Since the time increment 
for the pressure values is very small, the integral procedure were adopted using equations (21) and 
(22). The numerical results are shown in Figures 3-5 for the freestream Reynolds number 
66.1 x lo6 m-I. The skin friction distribution along the surface shows that the flow is separated. 
The experimental values of the mean pressure and the mean heat transfer coefficient are taken 
from Reference 14. The computed results compare well with the experimental data along the 
entire length of the flat plate. 

Once the initial phase of computation was over, some periodicity in the flow characteristics was 
observed. The study of flowfield data was attempted in order to assess the separation zones, shock 
location and the amplitude and frequencies of sound pressure levels (SPL) and the heat flux. 

As mentioned earlier, the flat plate was discretized by 82 equally spaced grids in the x-direction. 
At each grid point, during computation, a sufficient amount of time-dependent data was stored 
for frequency analysis. Owing to the limited computational resources available, the spectral 
analysis was carried out near the separation region for the freestream Reynolds number 
66.1 x lo6 m-'. In order to explore the sensitivity of unsteadiness, four sample stations near the 
separation zone are used, viz. 

x = 025425 m, 

x = 0.29334 m. 

X,m 

Figure 3. Comparison of interaction pressure ratio on a flat plate 
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Figure 4. Heat transfer coefficient distribution on a flat plate 

-2 L 
Figure 5. Skin friction variation along a flat plate 

x = 0.30450 m, 

x=031009 m, 

where x is measured from the leading edge of the flat plate. The surface pressure and the heat flux 
distribution at the aforementioned stations are shown in Figures 6 and 7 as a function of time. 
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Figure 7. Heat flux time history 

The scales are so chosen as to emphasize the amplitude variations. It can be observed from the 
pressure and the heat flux time history that periodicity in pressure and heat fiux is manifest. Thus, 
the pressure and the heat flux data are free from the transitional phase, i.e. had the computation 
been continued for a very large time, the pressure and heat flux values would really be 
representative of the data. 
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An investigation of the unseparated flow'* shows that the dominated frequency does not come 
into the picture in the calculation of pressure and heat flux quantities. This indicates a monotonic 
convergence of the numerical scheme. 

The statistical approach of Purohit'6.'7 shows that the last 3600 data points, starting after 
a sufficiently long time of computation, satisfy the criteria for the 'clean' data. 
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A critical examination of the data points reveals that the secondary oscillations in the surface 
pressure and heat flux signatures, though bounded, cause only a slight increase as depicted in 
Figures 6 and 7. These oscillations may be due to the numerical procedure or due to the 
turbulence model. In practice, such fluctuations arise from the nature of the turbulence character- 

I x=il.25425 Id 

FREQUBNC!!,ZCHZ 
Figure 9. Spectral analysis of heat flux fluctuations 
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For the pressure and the heat flux data, a spectral analysis for all possible modes of oscillations 
was carried out using the fast Fourier transform subroutine (FFT) of the International Math- 
ematical Statistical Library (IMSL). This subroutine converts the pressure histories from the time 
domain into the frequency domain. The pressure values have been converted from Pascals to 
decibels (dB) of sound pressure levels. The frequencies for which assessment was done were 
multiples of the fundamental frequency, 121 Hz. For pressure fluctuations, the sound pressure 
levels were computed in terms of the rms pressure referenced at 20 pN m-’. Figures 8 and 9 show 
SPL and amplitude kersus frequencies at different stations. The maximum sound pressure level of 
110 dB occurs at about 845 Hz. Since no experimental results are available for this case, Hayashi 
et aL7 have obtained a shock motion frequency of about 620 Hz at a freestream Mach number of 
4-0, a Reynolds number, based on the shock-impinging distance, of 12.7 x lo6 and a wall- 
to-stagnation temperature ratio of 0-56. A comparison with these results revealed that the shock 
motion frequencies are increased with increased Mach number and Reynolds number. The wall 
pressure and the heat flux fluctuations show two peaks. From a comparison of the pressure and 
the heat flux fluctuations, we have found that the fluctuations in heat flux have qualitatively the 
same features as those in the wall pressure but have noticeable quantitative differences. Identical 
observations have been made in experiments by Hayashi et aL7 

The spectral analysis of pressure and heat flux oscillations plots of Figures 8 and 9 shows two 
dominant frequencies, one at 845 Hz and another one at approximately 6 kHz. Considering 
the 845 Hz signal, this appears to be roughly in phase across the region examined, i.e. 
x = 0-25425Hl31Oo9 m. The sound pressure level of the pressure fluctuations also increases as the 
distance, x, increases. This is consistent with ‘a solid body motion’ of the interaction region since 
the local amplitude would be a function of the slope of the pressure curve, as depicted in Figure 3. 
However, the heat fluxes plots in Figure 9 also apparently phase, both with each other and with 
the pressure. This behaviour is also evident from the pressure- time plots of Figure 6 as well as 
from the heat flux history of Figure 7. Prior to the separation point, the slope of the heat transfer 
curve is negative, as can be seen in Figure 4. The heat flux should, therefore, be in antiphase with 
the pressure in this region. But the numerical analysis shows both in the same phase. It is difficult 
to explain this inconsistency. Beyond this point, the slope is positive and the pressure and the heat 
flux fluctuations are in phase. The present analysis has modelled a physical mechanism of 
unsteadiness at the reattachment point of shock-separated supersonic flows. 

CONCLUSIONS 

The shock-turbulent-boundary-layer interaction was analysed using a finite difference method in 
conjunction with the eddy viscosity relaxation term. The following conclusions are made, based 
on this investigation: 

1. Flow separation was noticed at a freestream Mach number of 6, a freestream Reynolds 
number of 66.1 x lo6 m-’ and a wall-to-stagnation temperature ratio of 056. 

2. The fluctuations in the wall heat flux have quantitatively the same features as those of the 
wall pressure, but are different quantitatively. 

3. A spectral analysis for all possible modes of oscillations was carried out using fast Fourier 
transfarm. The maximum shock motion frequency is about 845 Hz. The maximum sound 
pressure levels was 110 dB near the separation point. 
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